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SUPPLEMENTARY FIGURES

  

Supplementary Figure 1: Possible values of noncontextual measurement response functions. Possible
values of the vector of response functions (ξ(X=0|M1, λ), ξ(X=0|M2, λ), ξ(X=0|M3, λ)). The range of each response
function is [0, 1], constraining the vectors to lie inside the unit cube. This fact, along with the linear constraint in
Supplementary Equation (17), constrains the vectors to the shaded polygon.

  

 

Supplementary Figure 2: Demonstration that the bound of our noncontextuality inequality is tight.
The figure displays a noncontextual ontological model that saturates the noncontextual bound of our inequality.
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Supplementary Figure 3: A measurement-contextual ontological model violating our inequality. The
assumption of measurement noncontextuality is necessary to derive the precise bound in our noncontextuality in-
equality. The figure presents an ontological model that is preparation noncontextual but measurement contextual and
that violates our inequality by achieving a value of A = 9/10.
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Supplementary Figure 4: Enforcing operational equivalence for measurements. A depiction of the con-
struction of secondary measurements from primary ones in the simplified case where the component along y is zero.
For each measurement, we specify the point corresponding to the Bloch representation of its first outcome. These are
labelled [0|M1], [0|M2] and [0|M3]. The equal mixture of these three, labelled [0|M∗], is the centroid of these three
points, i.e. the point equidistant from all three. a, The ideal measurements [0|M i

t] with centroid at I/2, illustrating
that the operational equivalence of Equation (2) from the main text is satisfied exactly. b, Errors in the experiment
(exaggerated) will imply that the realized measurements [0|Mp

t ] (termed primary) will deviate from the ideal, and
their centroid deviates from I/2. The family of points corresponding to probabilistic mixtures of the [0|Mp

t ] and the
observables 0 and I are depicted by the grey region. (For clarity, we have not depicted the outcome-flipped versions of
the three primary measurements, and have not included them in the probabilistic mixtures. As we note in the text,
such a restriction still allows for a good construction.) c, The secondary measurements M s

t that have been chosen
from this grey region. They are chosen such that their centroid is at I/2, restoring the operational equivalence of
Equation (2) from the main text.

SUPPLEMENTARY TABLES

[0|M1] [0|M2] [0|M3] [0|M∗]

P1,0 5/6 1/3 1/3 1/2
P1,1 1/6 2/3 2/3 1/2
P2,0 1/3 5/6 1/3 1/2
P2,1 2/3 1/6 2/3 1/2
P3,0 1/3 1/3 5/6 1/2
P3,1 2/3 2/3 1/6 1/2

P1 1/2 1/2 1/2 1/2
P2 1/2 1/2 1/2 1/2
P3 1/2 1/2 1/2 1/2

Supplementary Table 1: Operational statistics of a noncontextual ontological model that saturates our
inequality. Operational statistics from the noncontextual ontological model of Supplementary Figure 2, achieving
A = 5/6. The shaded cells correspond to the ones relevant for calculating A.



4

[0|M1] [0|M2] [0|M3] [0|M∗]

P1,0 9/10 3/10 3/10 1/2
P1,1 1/10 7/10 7/10 1/2
P2,0 3/10 9/10 3/10 1/2
P2,1 7/10 1/10 7/10 1/2
P3,0 3/10 3/10 9/10 1/2
P3,1 7/10 7/10 1/10 1/2

P1 1/2 1/2 1/2 1/2
P2 1/2 1/2 1/2 1/2
P3 1/2 1/2 1/2 1/2

Supplementary Table 2: Operational statistics of a measurement-contextual ontological model that
violates our inequality. Operational statistics from the preparation noncontextual and measurement contextual
ontological model of Supplementary Figure 3, achieving A = 9/10. The shaded cells correspond to the ones relevant
for calculating A.

P p
1,0 P p

1,1 P p
2,0 P p

2,1 P p
3,0 P p

3,1 P p
4,0 P p

4,1

P s
1,0 0.99483 0.00023 0.00029 0.00092 0.00016 0.00031 0.00324 0.00003

P s
1,1 0.00002 0.99791 0.00014 0.00026 0.00006 0.00005 0.00154 0.00002

P s
2,0 0.00065 0.00008 0.99684 0.00003 0.00001 0.00029 0.00002 0.00208

P s
2,1 0.00134 0.00015 0.00009 0.99482 0.00008 0.00028 0.00000 0.00323

P s
3,0 0.00008 0.00023 0.00011 0.00000 0.99883 0.00004 0.00044 0.00027

P s
3,1 0.00011 0.00023 0.00022 0.00016 0.00016 0.99803 0.00050 0.00061

Supplementary Table 3: Values of the weights used to define each secondary preparation procedure.
Each of the six secondary preparation procedures, denoted P s

t,b where t ∈ {1, 2, 3}, b ∈ {0, 1} (the rows), is a prob-

abilistic mixture of the eight primary preparation procedures, denoted P p
t′,b′ where t′ ∈ {1, 2, 3, 4}, b′ ∈ {0, 1} (the

columns). The table presents the weights appearing in each such mixture, denoted ut,bt′,b′ in the main text. These are

determined numerically by maximizing the function CP = 1
6

∑3
t=1

∑1
b=0 u

t,b
t,b (the average of the weights appearing

in the shaded cells), which quantifies the closeness of the secondary procedures to the primary ones, subject to the
constraint of operational equivalence of the uniform mixtures of P s

t,0 and P s
t,1 for t ∈ {1, 2, 3}. The values presented

are averages over 100 runs.

[0|Mp
1 ] [0|Mp

2 ] [0|Mp
3 ] [0|Mp

4 ] [1|Mp
4 ] 1 0

[0|M s
1] 0.99707 0.00004 0.00015 0.00010 0.00208 0.00031 0.00025

[0|M s
2] 0.00007 0.99727 0.00012 0.00004 0.00199 0.00028 0.00023

[0|M s
3] 0.00004 0.00002 0.99845 0.00001 0.00117 0.00019 0.00012

Supplementary Table 4: Values of the weights used to define each secondary measurement procedure.
Each of the three secondary outcome-0 measurement events, denoted [0|M s

t ] where t ∈ {1, 2, 3} (the rows), is a
probabilistic mixture of the four primary outcome-0 measurement events, denoted [0|Mp

t′ ] where t′ ∈ {1, 2, 3, 4}, and
three processings thereof, denoted [1|Mp

4 ], 1, and 0 (the seven columns). The table presents the weights appearing in

each such mixture. These are determined numerically by maximizing the function CM = 1
3

∑3
t=1 v

t
t (the average of

the weights appearing in the shaded cells), which quantifies the closeness of the secondary procedures to the primary
ones, subject to the constraint of operational equivalence between the uniform mixture of M s

1, M s
2 and M s

3 and a fair
coin flip. The values presented are averages over 100 runs.
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SUPPLEMENTARY NOTES

Supplementary Note 1: Elaboration of the notion of noncontextuality and the idealizations of previous
proposals for tests

The notion of noncontextuality

In this article, we have used the operational notion of noncontextuality proposed in Supplementary Reference 1. Ac-
cording to this notion, one can distinguish noncontextuality for measurements and noncontextuality for preparations.
To provide formal definitions, we must first review the notion of operational equivalence.

Recall that an operational theory specifies a set of physically possible measurements, M, and a set of physically
possible preparations, P. Each measurement M ∈ M and preparation P ∈ P is assumed to be given as a list of
instructions of what to do in the laboratory. An operational theory also specifies a function p, which determines, for
every preparation P ∈ P and every measurement M ∈ M, the probability distribution over the outcome X of the
measurement when it is implemented on that preparation, p(X|M,P ).

Two measurement procedures, M and M ′, are said to be operationally equivalent if they have the same distribution
over outcomes for all preparation procedures,

p(X|M,P ) = p(X|M ′, P ), ∀P ∈ P (1)

Two preparation procedures, P and P ′, are said to be operationally equivalent if they yield the same distribution
over outcomes for all measurement procedures,

p(X|M,P ′) = p(X|M,P ), ∀M ∈M (2)

Any parameters that can be used to describe differences between the measurement procedures in a given operational
equivalence class are considered to be part of the measurement context. Similarly, parameters that describe differences
between preparation procedures in a given operational equivalence class are considered to be part of the preparation
context. This terminological convention explains the suitability of the term context-independent or noncontextual
for an ontological model wherein the representation of a given preparation or measurement depends only on the
equivalence class to which it belongs (as defined below).

A tomographically complete set of preparation procedures, Ptomo ⊆ P, is defined as one that is sufficient for deter-
mining the statistics for any other preparation procedure, and hence is sufficient for deciding operational equivalence
of measurements. In other words, one can equally well define operational equivalence of measurements M and M ′ by

p(X|M,P ) = p(X|M ′, P ), ∀P ∈ Ptomo (3)

Similarly, a tomographically complete set of measurement procedures,Mtomo ⊆M, is defined as one that is sufficient
for determining the statistics for any other measurement procedure, and hence is sufficient for deciding operational
equivalence of preparations, such that we can define operational equivalence of preparations P and P ′ by

p(X|M,P ′) = p(X|M,P ), ∀M ∈Mtomo (4)

Note that if the tomographically complete set of preparations for a given system has infinite cardinality, then it is
impossible to test operational equivalence experimentally. In quantum theory, the tomographically complete set for
any finite-dimensional system has finite cardinality.

Recall that an ontological model of an operational theory specifies a space Λ of ontic states, where an ontic state
gives the values of a set of classical variables that mediate the causal influence of the preparation on the measurement.
An ontological model also specifies, for every preparation P ∈ P, a distribution µ(λ|P ). The idea is that when the
preparation P is implemented on a system, it emerges from the preparation device in an ontic state λ, where λ need
not be fixed by P but is instead obtained by sampling from the distribution µ(λ|P ). Similarly, for every measurement
M ∈M, an ontological model specifies the probabilistic response of the measurement to λ, specified as a conditional
probability ξ(X|M,λ) where X is a variable associated to the outcome of M . The idea here is that when an ontic state
λ is fed into the measurement M , it need not fix the outcome X, but the outcome is sampled from the distribution
ξ(X|M,λ).

The assumption of measurement noncontextuality is that measurements that are operationally equivalent should be
represented by the same conditional probability distributions in the ontological model,

p(X|M,P ) = p(X|M ′, P ), ∀P ∈ Ptomo

→ ξ(X|M,λ) = ξ(X|M ′, λ), ∀λ ∈ Λ. (5)
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The assumption of preparation noncontextuality is that preparations that are operationally equivalent should be
represented by the same distributions over ontic states in the ontological model

p(X|M,P ) = p(X|M,P ′), ∀M ∈Mtomo

→ µ(λ|P ) = µ(λ|P ′), ∀λ ∈ Λ. (6)

A model is termed simply noncontextual if it is measurement noncontextual and preparation noncontextual.
We can summarize this as follows. The grounds for thinking that two measurement procedures are associated with

the same observable, and hence that they are represented equivalently in the noncontextual model, is that they give
equivalent statistics for all preparation procedures. Similarly, two preparations are represented equivalently in the
noncontextual model only if they yield the same statistics for all measurements.

The notion of noncontextuality can be understood as a version of Leibniz’s Principle of the Identity of Indiscernibles,
specifically, the physical identity of operational indiscernibles. Other instances of the principle’s use in physics include
the inference from the lack of superluminal signals to the lack of superluminal causal influences (which justifies Bell’s
assumption of local causality [2]), and Einstein’s inference from the operational indistinguishability of accelerating
frames and frames fixed in a gravitational field to the physical equivalence of such frames. The question of whether
nature admits of a noncontextual model can be understood as whether it adheres to this version of Leibniz’s principle,
at least within the framework of ontological models that underlies the discussion of noncontextuality.

It is argued in Supplementary Reference 1 that because the methodological principle underlying measurement
noncontextuality is the same as the one underlying preparation noncontextuality, if one assumes the first, then one
should also assume the second.

As is shown in Supplementary Reference 1, the traditional notion of noncontextuality, due to Kochen and Specker [3],
can be understood as an application of measurement noncontextuality to projective measurements in quantum theory,
but involves furthermore an additional assumption that projective measurements should have a deterministic response
to the ontic state.

With these notions in hand, we turn to our criticisms of previous experiments designed to test the principle of
noncontextuality.

Criticism of previous experiments seeking to test noncontextuality

Our first criticism of previous tests of noncontextuality is that the inequalities that they used (with the exception
of Supplementary Reference 4) are only justified under the unwarranted idealization of noiseless measurements. We
here expand on this criticism.

To implement an experimental test of noncontextuality, one requires a notion of noncontextuality that makes no
reference to quantum theory, in particular, no reference to projective measurements. As such, it is necessary to first
operationalize the traditional notion of noncontextuality (which refers to projective measurements) so that it can
be applied without presuming the applicability of quantum theory to the experiment. The inequalities used in all
previous experiments seeking to test noncontextuality have done so in a particular way. They have presumed that the
experimentally-realized measurements are represented in the same manner as projective measurements are repesented
according to the traditional notion of noncontextuality, namely, as responding deterministically to the ontic state. It
is this assumption that is the source of the problem.

First, recall that determinism is not part of Bell’s notion of local causality, such that for any no-go theorem based on
local causality, one cannot avoid the contradiction by simply abandoning determinism. In other words, indeterminism
does not provide a way out of Bell’s theorem. The generalized notion of noncontextuality proposed in Supplementary
Reference 1 improves upon the traditional notion by following Bell’s lead and excising the notion of determinism from
the notion of noncontextuality. For any no-go theorem based on the generalized notion, therefore, merely abandoning
determinism is not sufficient to avoid contradiction.

Under this proposal, any appeal to the assumption of determinism must be justified from the principle of noncontex-
tuality and from predictions of the operational theory. Such justifications are indeed possible, and play an important
role in proofs of the failure of the generalized notion of noncontextuality (as we shall spell out in a moment). However,
such justifications hold only under idealizations that are never realized in real experiments. An analogy with Bell
tests highlights the problem.

Bell’s 1964 argument [5] leveraged a prediction of quantum theory—that if the same measurement is implemented on
two halves of a singlet state, then the outcomes will be perfectly anticorrelated—to derive facts about the assignment
of measurement outcomes by the hidden variables, in particular that they must be deterministic. From these facts,
Bell derived his 1964 inequality. But given that experimental correlations are never perfect, the assumptions on which
this inequality is based are never satisfied in a real experiment. This is why experimentalists use other inequalities,
such as the Clauser-Horne-Shimony-Holt inequality [6] or the Clauser-Horne inequality [7], to test local causality.
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In Supplementary Reference 1, it was shown that if one makes an assumption of noncontextuality for preparations as
well as for measurements, then one can derive the fact that projective measurements should respond deterministically
to the ontic state. The inference relies on certain predictions of quantum theory, in particular, that for every projective
rank-1 measurement, there is a basis of quantum states that makes its outcome perfectly predictable [1, 8]. However,
perfect predictability only holds under the idealization of noiseless measurements, which is never achieved in practice.
Therefore, one cannot use such considerations to justify the assumption that experimentally-realized measurements
should have a deterministic response to the ontic state, unless one makes the unwarranted idealization that these
measurements are noiseless.

Previous experiments for testing noncontextuality ought, therefore, to be considered as having the same status as
would be granted to a putative experimental test of local causality using Bell’s original 1964 inequality: neither can
achieve its goal except under the unwarranted idealization of noiseless measurements.

More importantly, in Supplementary Reference 8, it was shown (by several different arguments) that noisy measure-
ments must be modelled by indeterministic responses to the ontic state. One argument in favour of this conclusion
is that to assume otherwise trivializes the notion of noncontextuality. For instance, if one assumes, as part of one’s
notion of noncontextuality, that noisy measurements have deterministic responses to the ontic state, then it becomes
possible to demonstrate a failure of this notion of noncontextuality by a trivial experiment involving a measurement
that ignores the system completely and instead generates an outcome by flipping a fair coin. The reason is as follows.
If the measurement outcome is determined by a fair coin flip, then it is independent of the input state, and hence for
all states each outcome occurs with probability 1

2 , meaning that the two outcomes are operationally equivalent. Given
that they are operationally equivalent, if they are to be modelled noncontextually they must be modelled as having
the same response to the ontic state. (In quantum theory, the fair coin flip is represented by the POVM { 1

2 I,
1
2 I}

where I is the identity operator, the operational equivalence of the two outcomes corresponds to the fact that they
are represented by the same effect, namely 1

2 I, and the assumption of noncontextuality for POVMs is that if two
measurement outcomes are represented by the same effect, then they are represented by the same response function
in the model.) But if, for the two outcomes, the response to the ontic state is the same and is deterministic, then for
every ontic state, either both outcomes must receive probability 0 or both outcomes must receive probability 1, and
each of these options is a logical contradiction.

Whatever else one might require of a proposed definition of the notion of noncontextuality, at minimum one should
require that it capture a distinction between classical and quantum theories. Because a notion of noncontextuality
that incorporates the assumption of determinism for noisy measurements can be ruled out by a classical experiment—
indeed a trivial experiment consisting of a fair coin flip—it does not meet this minimum requirement and therefore is
not one that is worthy of serious study.

Our second criticism of previous tests concerns the impossibility of realizing two experimental procedures in such
a way that they are exactly operationally equivalent. No two experimental procedures ever give precisely the same
statistics. In formal terms, for any two measurements M and M ′ that one realizes in the laboratory, it is never the case
that one achieves precise equality in Supplementary Equation (3). Similarly, for any two preparations P and P ′ that
one realizes in the laboratory, it is never the case that one achieves precisely equality in Supplementary Equation (4).
In both cases, this is due to the fact that, in practice, one never quite achieves the experimental procedure that one
intends to implement. The problem for an experimental test of noncontextuality, therefore, is that the conditions for
applicability of the assumption of noncontextuality (the antecedents in the inferences of Supplementary Equations (5)
and (6)) are, strictly speaking, never satisfied.

All previous experiments that have sought to test noncontextuality have used inequalities that are only justified
under the unwarranted idealization that certain pairs of experimental operations are exactly operational equivalent.
Even the experiment of Supplementary Reference 4, which unlike all other such tests did not make the unwarranted
idealization of noiseless measurements, nonetheless made this second sort of unwarranted idealization. More precisely,
the experiment of Supplementary Reference 4 tested an inequality whose derivation presumed a certain pair of
preparation procedures to be represented equivalently in the ontological model even though the procedures were
known to be merely close to operationally equivalent, rather than exactly so. Because such an inference does not,
strictly speaking, follow from the principle of noncontextuality, the inequality that was violated in the experiment
relied on an unwarranted idealization.

Supplementary Note 2: Derivation and tightness of the bound in our noncontextuality inequality

Derivation of bound

In the main text, we only provided an argument for why our two applications of the assumption of noncontextuality,
Equations (3) and (5), implied that the quantity A must be bounded away from 1. Here we show that the explicit
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value of this bound is 5
6 .

By definition,

A ≡ 1

6

∑
t∈{1,2,3}

∑
b∈{0,1}

p(X = b|Mt, Pt,b). (7)

Substituting for p(X=b|Mt, Pt,b) the expression in terms of the distribution µ(λ|Pt,b) and the response function
ξ(X = b|Mt, λ) given in Equation (1) in the main text, we have

A =
1

6

∑
t∈{1,2,3}

∑
b∈{0,1}

∑
λ∈Λ

ξ(X = b|Mt, λ)µ(λ|Pt,b). (8)

We now simply note that there is an upper bound on each response function that is independent of the value of b,
namely,

ξ(X = b|Mt, λ) ≤ η(Mt, λ), (9)

where

η(Mt, λ) ≡ max
b′∈{0,1}

ξ(X = b′|Mt, λ). (10)

We therefore have

A ≤ 1

3

∑
t∈{1,2,3}

∑
λ∈Λ

η(Mt, λ)

1

2

∑
b∈{0,1}

µ(λ|Pt,b)

 , (11)

Recalling that Pt is an equal mixture of Pt,0 and Pt,1, so that

µ(λ|Pt) =
1

2
µ(λ|Pt,0) +

1

2
µ(λ|Pt,1), (12)

we can rewrite the bound as simply

A ≤ 1

3

∑
t∈{1,2,3}

∑
λ∈Λ

η(Mt, λ)µ(λ|Pt). (13)

But recalling Equation (5) from the main text,

∀λ ∈ Λ : µ(λ|P1) = µ(λ|P2) = µ(λ|P3), (14)

we see that the distribution µ(λ|Pt) is independent of t, so we denote it by ν(λ) and rewrite the bound as

A ≤
∑
λ∈Λ

1

3

∑
t∈{1,2,3}

η(Mt, λ)

 ν(λ). (15)

This last step is the first use of noncontextuality in the proof because Supplementary Equation (14) is derived from
preparation noncontextuality and the operational equivalence of Equation (4) from the main text. It then follows
that

A ≤ max
λ∈Λ

1

3

∑
t∈{1,2,3}

η(Mt, λ)

 . (16)

Therefore, if we can provide a nontrivial upper bound on 1
3

∑
t η(Mt, λ) for an arbitrary ontic state λ, we obtain

a nontrivial upper bound on A. We infer constraints on the possibilities for the triple (η(M1, λ), η(M2, λ), η(M3, λ))
from constraints on the possibilities for the triple (ξ(X=0|M1, λ), ξ(X=0|M2, λ), ξ(X=0|M3, λ)).

The latter triple is constrained by Equation (7) from the main text, which in the case of X = 0 reads

1

3

∑
t∈{1,2,3}

ξ(X=0|Mt, λ) =
1

2
. (17)
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This is the second use of noncontextuality in our proof, because Supplementary Equation (17) is derived from the
operational equivalence of Equation (2) from the main text and the assumption of measurement noncontextuality.

The fact that the range of each response function is [0, 1] implies that the vector (ξ(X=0|M1, λ), ξ(X=0|M2, λ),
ξ(X=0|M3, λ)) is constrained to the unit cube. The linear constraint of Supplementary Equation (17) implies that
these vectors are confined to a two-dimensional plane. The intersection of the plane and the cube defines the polygon
depicted in Supplementary Figure 1. The six vertices of this polygon have coordinates that are a permutation of
(1, 1

2 , 0). For every λ, the vector (ξ(X=0|M1, λ), ξ(X=0|M2, λ), ξ(X=0|M3, λ)) corresponds to a point in the convex

hull of these extreme points and given that 1
3

∑
t η(Mt, λ) is a convex function of this vector, it suffices to find

a bound on the value of this function at the extreme points. If λ is the extreme point (1, 1
2 , 0), then we have

(η(M1, λ), η(M2, λ), η(M3, λ)) = (1, 1
2 , 1), and the other extreme points are simply permutations thereof. It follows

that

1

3

∑
t

η(Mt, λ) ≤ 5

6
. (18)

Substituting this bound into Supplementary Equation (16), we have our result.

Tightness of bound: two ontological models

In this section, we provide an explicit example of a noncontextual ontological model that saturates our noncontex-
tuality inequality, thus proving that the noncontextuality inequality is tight, i.e., the upper bound of the inequality
cannot be reduced any further for a noncontextual model.

We also provide an example of an ontological model that is preparation noncontextual but fails to be measurement
noncontextual (i.e. it is measurement contextual) and that exceeds the bound of our noncontextuality inequality. This
makes it clear that preparation noncontextuality alone does not suffice to justify the precise bound in our inequality,
the assumption of measurement noncontextuality is a necessary ingredient as well. Given that we do not believe
preparation noncontextuality on its own to be a reasonable assumption (as discussed in Supplementary Note 1), we
highlight this fact only as a clarification of which features of the experiment are relevant for the particular bound that
we obtain.

Note that there is no point inquiring about the bound for models that are measurement noncontextual but prepara-
tion contextual because, as shown in Supplementary Reference 1, quantum theory admits of models of this type—the
ontological model wherein the pure quantum states are the ontic states (the ψ-complete ontological model in the
terminology of Supplementary Reference 9) is of this sort.

For the two ontological models we present, we begin by specifying the ontic state space Λ. These are depicted
in Supplementary Figures 2 and 3 as pie charts with each slice corresponding to a different element of Λ. We
specify the six preparations Pt,b by the distributions over Λ that they correspond to, denoted µ(λ|Pt,b) (middle left
of Supplementary Figures 2 and 3). We specify the three measurements Mt by the response functions for the X = 0
outcome, denoted ξ(0|Mt, λ) (top right of Supplementary Figures 2 and 3). Finally, we compute the operational
probabilities for the various preparation-measurement pairs, using Equation (1) from the main text, and display the
results in the 6× 4 upper-left-hand corner of Supplementary Tables 1 and 2.

In the remainder of each table, we display the operational probabilities for the effective preparations, Pt, which
are computed from the operational probabilities for the Pt,b and the fact that Pt is the uniform mixture of Pt,0 and
Pt,1. We also display the operational probabilities for the effective measurement M∗, which is computed from the
operational probabilities for the Mt and the fact that M∗ is a uniform mixture of M1, M2 and M3.

From the tables, we can verify that our two ontological models imply the operational equivalences that we use in
the derivation of our noncontextuality inequality. Specifically, the three preparations P1, P2 and P3 yield exactly the
same statistics for all of the measurements, and the measurement M∗ is indistinguishable from a fair coin flip for all
the preparations.

Supplementary Figures 2 and 3 also depict µ(λ|Pt) for t ∈ {1, 2, 3} for each model (bottom left). These are
determined from the µ(λ|Pt,b) via Supplementary Equation (12). Similarly, the response function ξ(0|M∗, λ), which
is determined from ξ(X = b|M∗, λ) = 1

3

∑
t∈{1,2,3} ξ(X = b|Mt, λ), is displayed in each case (bottom right).

Given the operational equivalence of P1, P2 and P3, an ontological model is preparation noncontextual if and only
if µ(λ|P1) = µ(λ|P2) = µ(λ|P3) for all λ ∈ Λ. We see, therefore, that both models are preparation noncontextual.

Similarly given the operational equivalence of M∗ and a fair coin flip, an ontological model is measurement non-
contextual if and only if ξ(0|M∗, λ) = 1

2 for all λ ∈ Λ. We see, therefore, that only the first model is measurement
noncontextual.



10

Note that in the second model, M∗ manages to be operationally equivalent to a fair coin flip, despite the fact
that when one conditions on a given ontic state λ, it does not have a uniformly random response. This is possible
only because the set of distributions is restricted in scope, and the overlaps of these distributions with the response
functions always generates the uniformly random outcome. This highlights how an ontological model can do justice
to the operational probabilities while failing to be noncontextual.

Finally, using the operational probabilities in the tables, one can compute the value of A for each model. It is
determined entirely by the operational probabilities in the shaded cells. One thereby confirms that A = 5

6 in the first

model, while A = 9
10 in the second model.

Supplementary Note 3: Constructing the secondary procedures from the primary ones

Secondary preparations in quantum theory

As noted in the main text, it is easiest to describe the details of our procedure for defining secondary preparations
if we make the assumption that quantum theory correctly describes the experiment. Further on, we will describe the
procedure for a generalised probabilistic theory (GPT).

Figure 1 in the main text described how to define the secondary preparations if the primary preparations deviate
from the ideal only within the x − z plane of the Bloch sphere. Here, we consider the case where the six primary
preparations deviate from the ideals within the bulk of the Bloch sphere. The fact that our proof only requires that
the secondary preparations satisfy Equation (10) from the main text means that the different pairs, P s

t,0 and P s
t,1 for

t ∈ {1, 2, 3}, need not all mix to the center of the Bloch sphere, but only to the same state. It follows that the three
pairs need not be coplanar in the Bloch sphere. Note, however, for any two values, t and t′, the four preparations
P s
t,0, P

s
t,1, P

s
t′,0, P

s
t′,1 do need to be coplanar.

Any mixing procedure defines a map from each of the primary preparations P p
t,b to the corresponding secondary

preparation P s
t,b, which can be visualized as a motion of the corresponding point within the Bloch sphere. To ensure

that the six secondary preparations approximate well the ideal preparations while also defining mixed preparations
P s

1 , P s
2 and P s

3 that satisfy the appropriate operational equivalences, the mixing procedure must allow for motion in
the ±y direction. Consider what happens if one tries to achieve such motion without supplementing the primary set
with the eigenstates of σ · y. A given point that is biased towards −y can be moved in the +y direction by mixing
it with another point that has less bias in the −y direction. However, because the primary preparations are widely
separated within the x − z plane, achieving a small motion in +y direction in this fashion comes at the price of a
large motion within the x− z plane, implying a significant motion away from the ideal. This problem is particularly
pronounced if the primary points are very close to coplanar.

The best way to move a given point in the ±y direction is to mix it with a point that is at roughly the same location
within the x − z plane, but displaced in the ±y direction. This scheme, however, would require supplementing the
primary set with one or two additional preparations for every one of its elements. Supplementing the original set
with just the two eigenstates of σ ·y constitutes a good compromise between keeping the number of preparations low
and ensuring that the secondary preparations are close to the ideal. Because the σ · y eigenstates have the greatest
possible distance from the x − z plane, they can be used to move any point close to that plane in the ±y direction
while generating only a modest motion within the x− z plane.

Secondary measurements in quantum theory

Just as with the case of preparations, we solve the problem of no strict statistical equivalences for measurements
by noting that from the primary set of measurements, Mp

1 , Mp
2 and Mp

3 , one can infer the statistics of a large family
of measurements, and one can find three measurements within this family, called the secondary measurements and
denoted M s

1, M s
2 and M s

3, such that their mixture, M s
∗, satisfies the operational equivalence of Equation (2) in the

main text exactly. To give the details of our approach, it is again useful to begin with the quantum description.
A geometric visualization of the construction is also possible in this case. Just as a density operator can be written

ρ = 1
2 (I + r · σ) to define a three-dimensional Bloch vector r, an effect can be written E = 1

2 (e0I + e · σ) to define
a four-dimensional Bloch-like vector (e0, e), whose four components we will call the III, x, y and z components. Note
that e0 = tr(E), while ex = tr(σ ·xE) and so forth. The eigenvalues of E are expressed in terms of these components
as 1

2 (eo ± |e|). Consequently, the constraint that 0 ≤ E ≤ I takes the form of three inequalities 0 ≤ eo ≤ 2, |e| ≤ e0

and |e| ≤ 2− e0. This corresponds to the intersection of two cones. For the case ey = 0, the Bloch representation of
the effect space is three-dimensional and is displayed in Supplementary Figure 4. When portraying binary-outcome
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measurements associated to a POVM {E, I−E} in this representation, it is sufficient to portray the Bloch-like vector
(e0, e) for outcome E alone, given that the vector for I−E is simply (2− e0,−e). Similarly, to describe any mixture
of two such POVMs, it is sufficient to describe the mixture of the effects corresponding to the first outcome.

The family of measurements that is defined in terms of the primary set is slightly different than what we had
for preparations. The reason is that each primary measurement on its own generates a family of measurements
by probabilistic post-processing of its outcome. If we denote the outcome of the original measurement by X and
that of the processed measurement by X ′, then the probabilistic processing is a conditional probability p(X ′|X).
It is sufficient to determine the convexly-extremal post-processings, since all others can be obtained from these by
mixing. For the case of binary outcome measurements considered here, there are just four extremal post-processings:
the identity process, p(X ′|X) = δX′,X ; the process that flips the outcome, p(X ′|X) = δX′,X⊕1; the process that
always generates the outcome X ′ = 0, p(X ′|X) = δX′,0; and the process that always generates the outcome X ′ = 1,
p(X ′|X) = δX′,1. Applying these to our three primary measurements, we obtain eight measurements in all: the two
that generate a fixed outcome, the three originals, and the three originals with the outcome flipped. If the set of
primary measurements corresponded to the ideal set, then the eight extremal post-processings would correspond to
the observables 0, I,σ · n1,−σ · n1,σ · n2,−σ · n2,σ · n3,−σ · n3. In practice, the last six measurements will be
unsharp. These eight measurements can then be mixed probabilistically to define the family of measurements from
which the secondary measurements must be chosen. We refer to this family as the convex hull of the post-processings
of the primary set.

We will again start with a simplified example, wherein the primary measurements have Bloch-like vectors with
vanishing component along y, ey = 0, and unit component along III, e0 = 1, so that E = 1

2 (I + exσ · x+ ezσ · z). In
this case, the constraint 0 ≤ E ≤ I reduces to |e| ≤ 1, which is the same constraint that applies to density operators
confined to the x− z plane of the Bloch sphere. Here, the only deviation from the ideal is within this plane, and the
construction is precisely analogous to what is depicted in Figure 1 of the main text.

Unlike the case of preparations, however, the primary measurements can deviate from the ideal in the III direction,
that is, E may have a component along I that deviates from 1, which corresponds to introducing a state-independent
bias on the outcome of the measurement. This is where the extremal post-processings yielding the constant-outcome
measurements corresponding to the observables 0 and I come in. They allow one to move in the ±III direction.

Supplementary Figure 4 presents an example wherein the primary measurements have Bloch-like vectors that
deviate from the ideal not only within the x − z plane, but in the III direction as well (it is still presumed, however,
that all components in the y direction are vanishing).

In practice, of course, the y component of our measurements never vanishes precisely either. We therefore apply
the same trick as we did for the preparations. We supplement the set of primary measurements with an additional
measurement, denoted Mp

4 , that ideally corresponds to the observable σ · y. The post-processing which flips the
outcome then corresponds to the observable −σ · y. Mixing the primary measurements with Mp

4 and its outcome-
flipped counterpart allows motion in the ±y direction within the Bloch cone.

Note that the capacity to move in both the +y and the −y direction is critical for achieving the operational
equivalence of Equation (2) in the main text, because if the secondary measurements had a common bias in the
y direction, they could not mix to the POVM {I/2, I/2} as Equation (9) from the main text requires. For the
preparations, by contrast, supplementing the primary set by just one of the eigenstates of σ ·y would still work, given
that the mixed preparations P s

t do not need to coincide with the completely mixed state I/2.

The secondary measurements M s
1, M s

2 and M s
3 are then chosen from the convex hull of the post-processings of the

Mp
1 ,M

p
2 ,M

p
3 ,M

p
4 . Without this supplementation, it may be impossible to find secondary measurements that define

an M s
∗ that satisfies the operational equivalences while providing a good approximation to the ideal measurements.

In all, under the extremal post-processings of the supplemented set of primary measurements, we obtain ten points
which ideally correspond to the observables 0, I,σ · n1,−σ · n1,σ · n2,−σ · n2,σ · n3,−σ · n3,σ · y, and −σ · y.

Note that the outcome-flipped versions of the three primary measurements are not critical for defining a good set
of secondary measurements, and indeed we find that we can dispense with them and still obtain good results. This is
illustrated in the example of Supplementary Figure 4.

Secondary preparations and measurements in generalised probabilistic theories

We do not want to presuppose that our experiment is well fit by a quantum description. Therefore instead of
working with density operators and POVMs, we work with GPT states and effects, which are inferred from the
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matrix Dp

Dp =


p1

1,0 p1
1,1 · · · p1

4,0 p1
4,1

p2
1,0 p2

1,1 · · · p2
4,0 p2

4,1

p3
1,0 p3

1,1 · · · p3
4,0 p3

4,1

p4
1,0 p4

1,1 · · · p4
4,0 p4

4,1

 . (19)

where

pt
′

t,b ≡ p(0|M
p
t′ , P

p
t,b) (20)

is the probability of obtaining outcome 0 in the t′th measurement that was actually realized in the experiment (recall
that we term this measurement primary and denote it by Mp

t′), when it follows the (t, b)th preparation that was actually
realized in the experiment (recall that we term this preparation primary and denote it by P p

t,b). These probabilities

are estimated by fitting the raw experimental data (which are merely finite samples of the true probabilities) to a
GPT; we postpone the description of this procedure to Supplementary Note 4.

The rows of the Dp matrix define the GPT effects. We denote the vector defined by the tth row, which is associated
to the measurement event [0|Mp

t ] (obtaining the 0 outcome in the primary measurement Mp
t ), by Mp

t . Similarly,
the columns of this matrix define the GPT states. We denote the vector associated to the (t, b)th column, which is
associated to the primary preparation P p

t,b, by Pp
t,b.

As described in the main text, we define the secondary preparation P s
t,b by a probabilistic mixture of the primary

preparations. Thus, the GPT state of the secondary preparation is a vector Ps
t,b that is a probabilistic mixture of the

Pp
t,b,

Ps
t,b =

4∑
t′=1

1∑
b′=0

ut,bt′,b′P
p
t′,b′ , (21)

where the ut,bt′,b′ are the weights in the mixture.
A secondary measurement M s

t′ is obtained from the primary measurements in a similar fashion, but in addition to
probabilistic mixtures, one must allow certain post-processings of the measurements, in analogy to the quantum case
described above.

The set of all post-processings of the primary outcome-0 measurement events has extremal elements consisting of
the outcome-0 measurement events themselves together with: the measurement event that always occurs, which is
represented by the vector of probabilities where every entry is 1, denoted 1; the measurement event that never occurs
(so that outcome 1 is certain instead), which is represented by the vector of probabilities where every entry is 0,
denoted 0; and the outcome-flipped measurement events, which are represented by the vector 1−Mp

t .
We can therefore define our three secondary outcome-0 measurement events as probabilistic mixtures of the four

primary ones as well as the extremal post-processings mentioned above, that is

Ms
t =

4∑
t′=1

vtt′M
p
t′ + vt00 + vt11 +

4∑
t′′=1

vt¬t′′(1−Mp
t′′), (22)

where for each t, the vector of weights in the mixture is (vt1, v
t
2, v

t
3, v

t
4, v

t
0, v

t
1, v

t
¬1, v

t
¬2, v

t
¬3, v

t
¬4). We see that this is a

particular type of linear transformation on the rows.
Again, as mentioned in the discussion of the quantum case, we can in fact limit the post-processing to exclude the

outcome-flipped measurement events for M1, M2 and M3, keeping only the outcome-flipped event for M4, and still
obtain good results. Thus we found it sufficient to search for secondary outcome-0 measurement events among those
of the form

Ms
t =

4∑
t′=1

vtt′M
p
t′ + vt00 + vt11 + vt¬4(1−Mp

4), (23)

where for each t, the vector of weights in the mixture is (vt1, v
t
2, v

t
3, v

t
4, v

t
0, v

t
1, v

t
¬4).

Returning to the preparations, we choose the weights ut,bt′,b′ to maximize the function

CP ≡
1

6

3∑
t=1

1∑
b=0

ut,bt,b (24)
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subject to the linear constraint

1

2

∑
b

Ps
1,b =

1

2

∑
b

Ps
2,b =

1

2

∑
b

Ps
3,b, (25)

as noted in the main text. This optimization ensures that the secondary preparations are as close as possible to the
primary ones while ensuring that they satisfy the relevant operational equivalence exactly. Supplementary Table 3

reports the weights ut,bt′,b′ that were obtained from this optimization procedure, averaged over the 100 runs of the
experiment. As noted in the main text, these weights yield CP = 0.9969 ± 0.0001, indicating that the secondary
preparations are indeed very close to the primary ones.

The scheme for finding the weights (vt1, v
t
2, v

t
3, v

t
4, v

t
0, v

t
1, v

t
¬4) that define the secondary measurements is analogous.

Using a linear program, we find the vector of such weights that maximizes the function

CM ≡
1

3

3∑
t=1

vtt , (26)

subject to the constraint that

Ms
∗ =

1

2
1, (27)

where Ms
∗ ≡ 1

3

∑3
t=1 Ms

t. A high value of CM signals that each of the three secondary measurements is close to the
corresponding primary one. Supplementary Table 4 reports the weights we obtain from this optimization procedure,
averaged over the 100 runs of the experiment. These weights yield CM = 0.9976±0.0001, again indicating the closeness
of the secondary measurements to the primary ones.

This optimization defines the precise linear transformation of the rows of Dp and the linear transformation of the
columns of Dp that serve to define the secondary preparations and measurements. By combining the operations on
the rows and on the columns, we obtain from Dp a 3× 6 matrix, denoted Ds, whose entries st

′

t,b are

4∑
τ=1

1∑
β=0

ut,bτ,β

[
4∑

τ ′=1

vt
′

τ ′pτ
′

τ,β + vt
′

0 0 + vt
′

1 1 + vt
′

¬4(1− p4
τ,β)

]
(28)

where t′, t ∈ {1, 2, 3}, b ∈ {0, 1}. This matrix describes the secondary preparations P s
t,b and measurements M s

t′ . The

component st
′

t,b of this matrix describes the probability of obtaining outcome 0 in measurement M s
t′ on preparation

P s
t,b, that is,

st
′

t,b ≡ p(0|M s
t′ , P

s
t,b). (29)

These probabilities are the ones that are used to calculate the value of A via Equation (6) of the main text.

Supplementary Note 4: Data analysis

Fitting the raw data to a generalised probabilistic theory

In our experiment we perform four measurements on each of eight input states. If we define rt
′

t,b as the fraction of
‘0’ outcomes returned by measurement Mt′ on preparation Pt,b, the results can be summarized in a 4 × 8 matrix of
raw data, Dr, defined as:

Dr =


r1
1,0 r1

1,1 · · · r1
4,0 r1

4,1

r2
1,0 r2

1,1 · · · r2
4,0 r2

4,1

r3
1,0 r3

1,1 · · · r3
4,0 r3

4,1

r4
1,0 r4

1,1 · · · r4
4,0 r4

4,1

 . (30)

Each row of Dr corresponds to a measurement, ordered from top to bottom as M1, M2, M3, and M4. Similary, the
columns are labelled from left to right as P1,0, P1,1, P2,0, P2,1, P3,0, P3,1,P4,0, and P4,1.

In order to test the assumption that three independent binary-outcome measurements are tomographically complete
for our system, we fit the raw data to a matrix, Dp, of primary data defined in Supplementary Equation (19). Dp

contains the outcome probabilities of four measurements on eight states in the GPT-of-best-fit to the raw data. We
fit to a GPT in which three 2-outcome measurements are tomographically complete, which we characterize with the
following result.
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Proposition 1 A matrix Dp can arise from a GPT in which three two-outcome measurements are tomographically
complete if and (with a measure zero set of exceptions) only if ap1

t,b+bp2
t,b+cp3

t,b+dp4
t,b−1 = 0 for some real constants

{a, b, c, d}.

Proof. We begin with the “only if” part. Following [10, 11], if a set of two-outcome measurements MA,MB ,MC

(called fiducial measurements) are tomographically complete for a system, then the state of the system given a
preparation P can be specified by the vector

p =

 1
p(0|MA, P )
p(0|MB , P )
p(0|MC , P )

 (31)

(where the first entry indicates that the state is normalized). In [10, 11] it is shown that convexity then requires
that the probability of outcome ‘0’ for any measurement M is given by r · p for some vector r. Let r1, r2, r3, r4

correspond to outcome ‘0’ of the measurements M1,M2,M3,M4, and note that the measurement event that always
occurs, regardless of the preparation (e.g. the event of obtaining either outcome ‘0’ or ‘1’ in any binary-outcome
measurement), must be represented by rI = (1, 0, 0, 0). Since the r1, r2, r3, r4, rI are a set of five four-dimensional
vectors, they must be linearly dependent:

a′r1 + b′r2 + c′r3 + d′r4 + e′rI = 0 (32)

with (a′, b′, c′, d′, e′) 6= (0, 0, 0, 0, 0). The set of r for which e′ must be zero are those where rI is not in the span
of r1, r2, r3, r4, which is a set of measure zero. Hence we can generically ensure e′ 6= 0 and divide Supplementary
Equation (32) through by −e′ to obtain

ar1 + br2 + cr3 + dr4 − rI = 0 (33)

where a = −a′/e′, b = −b′/e′ and so on.
Finally, letting pt,b denote the column vector of the form of Supplementary Equation (31) that is associated to the

preparation Pt,b, and noting that by definition

pt
′

t,b = rt′ · pt,b, (34)

we see that by taking the dot product of Supplementary Equation (33) with each pt,b, we obtain the desired constraint
on Dp.

For the “if” part, we assume the constraint and demonstrate that there exists a triple of binary-outcome measure-
ments, MA, MB , and MC , that are tomographically complete for the GPT. To establish this, it is sufficient to take
the fiducial set, MA, MB and MC , to be M1, M2, and M3, so that preparation Pt,b corresponds to the vector

pt,b =


1
p1
t,b

p2
t,b

p3
t,b

 . (35)

In this case, we can recover Dp if M1, M2, and M3 are represented by r1 = (0, 1, 0, 0), r2 = (0, 0, 1, 0) and r3 =
(0, 0, 0, 1), whilst the assumed constraint implies that r4 = −(−1, a, b, c)/d.

Geometrically, the proposition dictates that the eight columns of Dp lie on the 3-dimensional hyperplane defined
by the constants {a, b, c, d}.

To find the GPT-of-best-fit we fit a 3-d hyperplane to the eight 4-dimensional points that make up the columns
of Dr. We then map each column of Dr to its closest point on the hyperplane, and these eight points will make up
the columns of Dp. We use a weighted total least-squares procedure [12, 13] to perform this fit. Each element of Dr

has an uncertainty, ∆rt
′

t,b, which is estimated assuming the dominant source of error is the statistical error arising

from Poissonian counting statistics. We define the weighted distance, χt,b, between the (t, b) column of Dr and Dp

as χt,b =

√∑4
t′=1

(
rt

′
t,b − pt

′
t,b

)2

/
(

∆rt
′
t,b

)2

. Finding the best-fitting hyperplane can be summarized as the following

minimization problem:

minimize
{pit,b,a,b,c,d}

χ2 =

4∑
t=1

1∑
b=0

χ2
t,b,

subject to ap1
t,b + bp2

t,b + cp3
t,b + dp4

t,b − 1 = 0

∀ t = 1, . . . , 4, b = 0, 1.

(36)



15

The optimization problem as currently phrased is a problem in 36 variables—the 32 elements of Dp together with
the hyperplane parameters {a, b, c, d}. We can simplify this by first solving the simpler problem of finding the weighted
distance χt,b between the (t, b) column of Dr and the hyperplane {a, b, c, d}. This can be phrased as the following
8-variable optimization problem:

minimize
{p1t,b,p

2
t,b,p

3
t,b,p

4
t,b}

χ2
t,b =

4∑
t′=1

(rt
′

t,b − pt
′

t,b)
2(

∆rt
′
t,b

)2 ,

subject to ap1
t,b + bp2

t,b + cp3
t,b + dp4

t,b − 1 = 0.

(37)

Using the method of Lagrange multipliers [12], we define the Lagrange function Γ = χ2
t,b + γ(ap1

t,b + bp2
t,b + cp3

t,b +

dp4
t,b − 1), where γ denotes the Lagrange multiplier, then simultaneously solve

∂Γ

∂γ
= 0 (38)

and

∂Γ

∂pt
′
t,b

= 0, t′ = 1, . . . , 4 (39)

for the variables γ, p1
t,b, p

2
t,b, p

3
t,b, and p4

t,b. Substituting the solutions for p1
t,b, p

2
t,b, p

3
t,b and p4

t,b into Supplementary

Equation (37) we find

χ2
t,b =

(ar1
t,b + br2

t,b + cr3
t,b + dr4

t,b − 1)2(
a∆r1

t,b

)2

+
(
b∆r2

t,b

)2

+
(
c∆r3

t,b

)2

+
(
d∆r4

t,b

)2 , (40)

which now only contains the variables a, b, c, and d.
The hyperplane-finding problem can now be stated as the following four-variable optimization problem:

minimize
{a,b,c,d}

χ2 =

4∑
t=1

1∑
b=0

χ2
t,b (41)

which we solve numerically.
The χ2 parameter returned by the fitting procedure is a measure of the goodness-of-fit of the hyperplane to the

data. Since we are fitting eight data points to a hyperplane defined by four fitting parameters {a, b, c, d}, we expect
the χ2 parameter to be drawn from a χ2 distribution with four degrees of freedom [13], which has a mean of 4. As
stated in the main text, we ran our experiment 100 times and obtained 100 independent χ2 parameters; these have
a mean of 3.9± 0.3. In addition we performed a more stringent test of the fit of the model to the data by summing
the counts from all 100 experimental runs before performing a single fit. This fit returns a χ2 of 4.33, which has a
p-value of 36%. The outcomes of these tests are consistent with our assumption that the raw data can be explained
by a GPT in which three 2-outcome measurements are tomographically complete and which also exhibits Poissonian
counting statistics. Had the fitting procedure returned χ2 values that were much higher, this would have indicated
that the theoretical description of the preparation and measurement procedures required more than three degrees of
freedom. On the other hand, had the fitting returned an average χ2 much lower than 4, this would have indicated
that we had overestimated the amount of uncertainty in our data.

After finding the hyperplane-of-best-fit {a, b, c, d}, we find the points on the hyperplane that are closest to each
column of Dr. This is done by numerically solving for p1

t,b, p
2
t,b, p

3
t,b, and p4

t,b in (37) for each value of (t, b). The point

on the hyperplane closest to the (t, b) column of Dr becomes the (t, b) column of Dp. The matrix Dp is then used to
find the secondary preparations and measurements.

Why is fitting to a GPT necessary?

It is clear that one needs to assume that the measurements one has performed form a tomographically complete set,
otherwise statistical equivalence relative to those measurements does not imply statistical equivalence relative to all
measurements. (Recall that the assumption of preparation noncontextuality only has nontrivial consequences when
two preparations are statistically equivalent for all measurements.)
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The minimal assumption for our experiment would therefore be that the four measurements we perform are to-
mographically complete. But our physical understanding of the experiment leads us to a stronger assumption, that
three measurements are tomographically complete. Here we clarify why, given this latter assumption, it is necessary
to carry out the step of fitting to an appropriate GPT.

It is again easier to begin by considering the case that our experiment is described by quantum theory. Let
(q1
t,b, q

2
t,b, q

3
t,b, q

4
t,b) denote the probability of obtaining outcome ‘0’ in measurements M1, M2, M3, M4 on preparation

Pt,b, according to quantum theory, namely qit,b = Tr(Eiρt,b), where Ei is the POVM element corresponding the the 0
outcome of measurement Mi and ρt,b is the density operator for Pt,b.

Let us represent ρt,b = 1
2 (I + σ · ut,b) by a Bloch vector ut,b and the elements Ei = v0

i I + σ · vi by a “Bloch

four-vector” (v0
i ,vi). Then qit,b = v0

i +ut,b ·vi. Since the vi lie in a unit sphere, the (q1
t,b, q

2
t,b, q

3
t,b, q

4
t,b) lie in the image

of the sphere under the affine transformation u 7→ (v0
1 , v

0
2 , v

0
3 , v

0
4) + (v1 · u,v2 · u,v3 · u,v4 · u), i.e. some ellipsoid, a

three-dimensional shape in a four-dimensional space.
However, the relative frequencies we observe will fluctuate from qit,b in all four dimensions. Fluctuations in the

three dimensions spanned by the “Bloch ellipsoid” can be accommodated by using secondary preparations as de-
scribed above. But fluctuations in the fourth direction are, according to quantum theory, always statistical and never
systematic, and by the same token we cannot deliberately produce supplementary preparations that have any bias
in this fourth direction. Therefore, we need to deal with these fluctuations in a different way. If one was assuming
quantum theory, one would simply fit relative frequencies to the closest points qt

′

t,b in the Bloch ellipsoid, just as one
usually fits to the closest valid density operator.

Since we do not assume quantum theory, we do not assume that the states lie in an ellipsoid. However, we still
make the assumption that three two-outcome measurements are tomographically complete. Hence, by Proposition
1, the long-run probabilities lie in a three-dimensional subspace of a four-dimensional space, and so there are no
supplementary preparations that can deal with fluctuations of relative frequencies in the fourth dimension. Instead
of fitting to the “Bloch ellipsoid”, we fit to a suitable GPT.

Analysis of statistical errors

Because the relative frequencies derived from the raw data constitute a finite sample of the true probabilities (i.e.
the long-run relative frequencies), the GPT states and effects that yield the best fit to the raw data are estimates of
the GPT states and effects that characterize the primary preparations and measurements.

It is these estimates that we input into the linear program that identifies the weights with which the primary
procedures must be mixed to yield secondary procedures. As such, our linear program outputs estimates of the true
weights, and therefore when we use these weights in mixtures of our estimates of the primary GPT states and effects,
we obtain estimates of the secondary GPT states and effects. In turn, these estimates are input into the expression
for A and yield an estimate of the value of A for the secondary preparations and measurements.

To determine the statistical error on our estimate of A, we must quantify the statistical error on our estimates of
the GPT states for the primary preparations and on our estimates of the GPT effects for the primary measurements.
We do so by taking our experimental data in 100 distinct runs, each of which yields one such estimate. For each of
these, we follow the algorithm for computing the value of A. In this way, we obtain 100 samples of the value of A for
the secondary procedures, and these are used to determine the statistical error on our estimate for A.

Note that a different approach would be to presume some statistical noise model for our experiment, then input
the observed relative frequencies (averaged over the entire experiment) into a program that adds noise using standard
Monte Carlo techniques. Though one could generate a greater number of samples of A in this way, such an approach
would be worse than the one we have adopted because the error analysis would be only as reliable as one’s assumptions
regarding the nature of the noise.

Given that the quantity A we obtain is 2300 σ above the noncontextual bound, we can conclude that there is a
very low likelihood that a noncontextual model would provide a better fit to the true probabilities than the GPT that
best fit our finite sample would. This is the sense in which our experiment rules out a noncontextual model with high
confidence.

It should be noted that this sort of analysis of statistical errors is no different from that which has historically been
used for experimental tests of Bell inequalities. The Bell quantity (the expression that is bounded in a Bell inequality)
is defined in terms of the true probabilities. Any Bell experiment, however, only gathers a finite sample of these true
probabilities. From this sample, one estimates the true probabilities and in turn the value of the Bell quantity. We
treat the quantity A appearing in our noncontextuality inequality in a precisely analogous manner. The definition
of A in terms of the true probabilities is admittedly more complicated than for a Bell quantity: we define secondary
procedures based on an optimization problem that takes as input the true probabilities for the primary procedures,
and use the true probabilites for the secondary procedures to define A. But this complication does not change the
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fact that A is ultimately just a function of the true probabilities for the primary preparations and measurements,
albeit a function that incorporates a particular linear optimization problem in its definition.

Recently, more sophisticated statistical techniques have been applied to the analysis of tests of Bell inequalities [14–
19]. Specifically, one computes an upper bound on the probability that a locally causal model could reproduce the
Bell quantity observed in the experiment. This techniques has been applied to the analysis of the recent loophole-
free violations of Bell inequalities [20–22]. It would be worthwhile to make a similar analysis of our experiment, by
computing an upper bound on the probability that a noncontextual model could reproduce the value of A we observe.
Such an analysis is outside the scope of the present work, but an interesting problem for future work in this area.
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